Abstract: In this research, generalized and extended generalized φ -recurrent Sasakian Finsler structures on horizontal and vertical tangent bundles and their various geometric properties are studied.
Introduction
Ruse defined a Riemannian space of the recurrent curvature for which the covariant derivation of the Riemannian curvature tensor R satisfies the relation:
(∇ s R)(p, q)r = A(s)R(p, q)r
at all points for the non-zero 1-form A, in 1949 [13] . In this relation, if A vanishes so the space is reduced to a locally symmetric manifold. Besides, generalized recurrent manifolds take part in the literature with Dubey's study in 1979 [8] . Dubey weakened the recurrence condition that defined in (1) in the following way:
(∇ s R)(p, q)r = A(s)R(p, q)r + B(s)g(p, q)r
for all vector fields p, q, r, s and non-zero 1-forms A and B satisfying:
A(s) = g(s, p 1 ), B(s) = g(s, p 2 )
where p 1 , p 2 are vector fields associated with A and B, respectively and the Riemannian metric tensor g is defined as follows:
The Riemannian space satisfying (2) (so, (3) and (4) ) is called generalized (Riemann) recurrent manifold. Additionally, generalized Ricci recurrent and generalized concircular recurrent manifolds are defined with the following relations, respectively:
for all vector fields p, q, r, s where S is Ricci curvature tensor and C is concircular curvature tensor. The Sasakian manifold satisfying
is introduced as locally φ -symmetric manifold by Takahashi, in 1977 [17] . In addition, generalized φ -recurrency is one type of the weakened extensions of locally φ -symmetry. φ -recurrency of the spaces introduced by De, Shaikh and Biswas for Sasakian manifolds in 2003 [6] in which φ -recurrent Sasakian manifold satisfies the following relation:
for all vector fields p, q, r, s and if A = 0 it turns to a locally φ -symmetric manifold. Then generalized φ -recurrency of Kenmotsu manifolds are studied by Basari and Murathan [2] . Furthermore, generalized φ -recurrent spaces, like Sasakian [1] , P-Sasakian [15] , LP-Sasakian [14] , Kenmotsu [4] and trans-Sasakian [7] , are discussed in many studies. In [1] , the generalized φ -recurrent Sasakian manifold is defined with the following relation:
for all vector fields p, q, r, s. By taking R = C and R = P in (9) the Sasakian manifold said to be generalized C − φ -recurrent and generalized P − φ -recurrent where C, P are concircular and projective curvature tensors, respectively. Moreover, extended generalized φ -recurrency is one type of the extensions of φ -recurrency and discussed by Prakasha [11] and Jaiswal and Yadav [9] for Sasakian and trans-Sasakian manifolds. In [11] , extended generalized φ -recurrent Sasakian manifold is defined in the following way:
for all vector fields p, q, r, s. Particularly, substituting R by C and P respectively, the Sasakian manifold is called extended generalized C − φ -recurrent and extended generalized P − φ -recurrent respectively. These studies motivated us to discuss generalized φ -recurrent and extended generalized φ -recurrent Sasakian Finsler structures.
Preliminaries
Assume that M m=(2n+1) , F m = (M, F) and g be be a smooth manifold, a Finsler manifold and a Finsler metric tensor with
It enables to define p ∈ T u T M with these coefficients in the following way:
. Furthermore, distributing η = η i dx i + η j δ y j ∈ (T u T M) * to horizontal and vertical parts, we have η H ∈ (T H u T M) * and η V ∈ (T V u T M) * . The Sasaki-Finsler metric G on T M is defined as follows:
So, some warped contact structures with Finsler coefficients can be constructed like in [12] and [16] .
be Sasakian Finsler structures on T M H and T M V , respectively. Then we have the below relations:
where p H , q H , r H ∈ T H u T M and p V , q V , r V ∈ T V u T M, ξ is the Reeb vector field, η is the 1-form, G is the Finsler metric structure and the (1, 1) tensor field φ denotes the endomorphism [18] .
In the Sasakian Finsler manifolds T M H and T M V following relations hold:
for all vector fields and where R is the Riemann curvature tensor field, S is the Ricci tensor field and ∇ is the Finsler connection on T M [18] . However Sasakian Finsler structures can be constructed both on horizontal and vertical tangent subbundles, in this paper; it is studied for T M H , for briefness. 
Generalized φ -recurrent Sasakian Finsler structures on T M H
for p H , q H , r H , s H ∈ T H u T M where A H and B H are the nonzero 1-forms defined by
and p H 1 , p H 2 are vector fields associated with 1-forms A H and B H , respectively and G is defined as follows: (24) is satisfied. Applying φ both sides of (24), and replacing r H with ξ H , by using (11) we have
By the use of (19) and (26) the following relation holds:
With the help of (17) and (18), we get
On the other hand, by applying η H to the (29) and using (20), it is found that η H ((∇ H s R)(p H , q H )ξ H ) = 0 and so (29) takes the following form:
By virtue of the right parts of (28) and (29),
Using Lemma 3.2, (31) takes the following form:
By applying φ both sides of (32) and via (11) (24) and (11), the following relation holds:
